In this paper, we study the entanglement entropy between two SYK systems with bilinear coupling. We use the replica trick to calculate the entanglement entropy in the ground state. In parallel, we calculate the entanglement entropy through the Ryu-Takayanagi formula in gravity. For the ground state that is dual to an eternal traversable wormhole in AdS 2 , the bulk quantum correction to the entanglement entropy is of the same order as the minimal surface area. The ground state of the coupled system is close to a thermofield double state with particular temperature and they have the same entanglement entropy. From the gravity point of view, we explain why the two states have the same entanglement entropy. We also study a case with time-dependent coupling, which involves finding the quantum extremal surface in the bulk. *
Introduction
In holographic duality [1, 2, 3] , the entanglement structure in the field theory is intimately connected to the geometry of spacetime. The Ryu-Takayanagi (RT) formula [4, 5] S EE (A) = Area(γ A ) 4G N (1.1)
states that the entanglement entropy of a boundary region A can be calculated through the area of bulk minimal surface γ A that is homologous to A. This prescription of calculating entanglement entropy is derived from AdS/CFT in [6] . The RT formula is generalized to time-dependent geometry as the Hubeny-Rangamani-Ryu-Takayanagi (HRT) formula [7] , in which the requirement for γ A is replaced by being the extremal surface. The formula can also be extended to next order in G N expansion, where one needs to consider quantum effects in the bulk [8, 9, 10] :
In the formula, S bulk is the bulk quantum correction of entanglement entropy between the two sides of the surface γ A . The two terms in (1.2) should be extremized together. The formula was conjectured to be true for all orders in G N in [11] , and was then proven under AdS/CFT correspondence in [12] . The interpretation of the RT formula in AdS 2 /CFT 1 appears more difficult than its higher dimensional siblings. One immediate difference is that CFT 1 has no spatial degrees of freedom, thus to apply the RT formula, we need to introduce at least two copies of CFT 1 . This can be achieved by realizing that global AdS 2 spacetime has two asymptotic boundaries. A more crucial difficulty lies in the understanding of AdS 2 /CFT 1 correspondence itself, as the pure gravity in AdS 2 spacetime being inconsistent with finite energy excitations above the vacuum [13] . However, nearly-AdS 2 spacetime is universal in the sense that it describes the near horizon geometry of higher dimensional near-extremal black holes. From this point of view, the Bekenstein Hawking entropy of near-extremal black holes was interpreted in the context of AdS 2 /CFT 1 correspondence [14, 15, 16, 17] , and was related to entanglement entropy via the RT formula in [18] . There are also other recent progress in understanding entanglement entropy in AdS 2 gravity from different perspectives [19, 20, 21] .
We would like to understand the holographic entanglement entropy in the context of the Sachdev-Ye-Kitaev (SYK) model [22, 23, 24] , which shares a common sector as nearly-AdS 2 gravity. The SYK model is a (0+1)-d model involving N random interacting Majorana fermions. In low energy, the model has an emergent reparametrization symmetry, which is both explicitly and spontaneously broken. The soft modes associated with this symmetry breaking can be described by the Schwarzian action [23, 24, 25, 26] . The same symmetry breaking pattern also appears in nearly-AdS 2 gravity [27, 28, 29, 30] . The gravitational dynamics of nearly-AdS 2 is encoded in the movement of the cut-off boundary of the spacetime, which is also described by the Schwarzian action.
In this paper we study the entanglement entropy between two copies of SYK models coupled by a bilinear term studied in [31] . More specifically, we will study the entanglement entropy in the ground state of the coupled system. On the gravity side, the coupling between the two boundaries creates a traversable wormhole [32, 33] . Thus the gravity picture for the ground state of the coupled system is an eternal traversable wormhole with global time isometry. Note in order to maintain such eternal traversable wormhole, we need to introduce order N of bulk fields, which makes the bulk quantum correction important in leading order of N . We will study the entanglement entropy both from the SYK side and the gravity side. In [31] , it was shown that the ground state of the coupled system is close to a thermofield double (TFD) state with a particular temperature set by the coupling. Thus both in the SYK and the gravity calculation, we also study the entanglement entropy in the TFD state as a comparison.
It should be noted that the entanglement entropy of the SYK model was also studied in [34, 35] for eigenstates of a single SYK, and in [36] for a SYK chain. It was also studied for pure states and thermal states in the SYK model and compared with gravity computation [37, 38] .
The paper is organized as follows. In section 2, we provide some review on the boundary and bulk descriptions and set up the notations. In section 3, we discuss the calculation of the entanglement entropy in the ground state and the corresponding thermofield double state directly in the SYK model. In section 4, we discuss the corresponding gravity calculation and interpretation. We end with a final discussion.
Review of the boundary and bulk descriptions
In this section, we review some basics of the boundary and bulk descriptions and notations. One can find detailed discussions in [31] .
The SYK model contains N Majorana fermions ψ i with random interaction [23, 24] :
1≤j 1 ≤j 2 ···≤jq J j 1 j 2 ···jq ψ j 1 ψ j 2 · · · ψ jq , J 2
We consider the coupled SYK system as in [31] :
4)
For small coupling strength µ J , the low energy physics of the coupled model is governed by the reparametrization modes t l (u) and t r (u) of the two systems. The dynamics of the reparametrization modes follow the Schwarzian effective action: where c ∆ is a number that only depends on ∆, and ∆ is the scaling dimension of the operator that we used to couple the two sides. For the case in (2.4), ∆ is the scaling dimension of the fermion operator, which is 1/q. One can tune ∆ → p∆ by choosing other coupling terms as H int = gN 1−p iψ j L ψ j R p . In this paper, we always work in the region that the Schwarzian description is applicable. The gravity description of the coupled model is in terms of an eternal traversable wormhole in nearly-AdS 2 gravity. The metric of global AdS spacetime is
The nearly-AdS 2 gravity can be described by Jackiw-Teitelboim gravity [39, 40] :
We parametrize the boundaries by parameter u, and the boundary conditions are
with taken to zero. The term proportional to φ 0 is topological and does not contribute to the equations of motion. φ φ 0 is the varying part of the dilaton field, which will enter our main discussion. χ denote the matter fields in the bulk, which do not couple to dilaton field directly. Note the matter fields are necessary to embed JT gravity into the Hilbert space of two copies of the SYK model [41] . The variation with respect to φ sets R = −2, which means the background metric is that of a rigid AdS 2 space. The gravitational dynamics is entirely encoded in the movement of the boundaries on this rigid AdS 2 space.
If the matter fields obey the integrated null energy condition, then we cannot have a traversable wormhole in AdS 2 where we can send information between the two boundaries [13] . The vacuum solution of this case is a pair of decoupled black holes (see fig. 1 (a)). Note here by "decoupled", we mean that there is no direct coupling between left and right boundaries. The holographic description of this situation is a special entangled state as the thermofield double state [42] .
We can change the situation of non-traversability by adding coupling terms between the two boundaries:
where O i are a set of N operators with dimension ∆. The effective action with this coupling can be written as: where u is the boundary time, or physical time. t l (u) and t r (u) are the left/right coordinate times along the boundary trajectories. The ground state of this coupled model is an eternal traversable wormhole where the boundary trajectories propagate along the global time direction.
Following the notation in [31] , we can rescale the time u and introduce an effective coupling constant η to put (2.5) and (2.10) into the same form:
(2.12)
In the following, we will simply use u to denote this rescaled boundary time. The action should be supplemented by the constraint that the total SL(2,R) charges vanish. The saddle point solution of this action is given by
Intuitively, the parameter t quantifies how far away the boundary trajectories are from the boundaries of the rigid space. In this paper, we denote the ground state of coupled system as |G(η) . As studied in [31] , the ground state |G(η) is close to the thermofield double state of two decoupled SYK systems with particular temperature. We denote this thermofield double state by |T F D(η) . The temperature of this thermofield double state is related to the coupling by
.
(2.14)
SYK calculation 3.1 Entanglement entropy of |T F D(η)
For the thermofield double state |T F D(η) , the reduced density matrix of one side is simply the thermal density matrix. Thus the entanglement entropy between left and right equals to the thermal entropy of the left/right system with temperature T (η). By the formula of thermal entropy of a single SYK system [24] , we have
where S 0 is the ground state entropy of the SYK model.
Entanglement entropy of |G(η)
For the state |G(η) , we can use the standard replica trick and Euclidean path integral to calculate the entanglement entropy between left and right subsystems. We start from the Schwarzian effective action in Lorentzian signature:
To use replica method, we transform the above action into Euclidean signature. On the Hyperbolic disk (Euclidean AdS 2 space), the Euclidean action is written as:
where θ is the angular coordinate of Hyperbolic disk (see fig. 2 for illustration). There's an extra minus sign in the coupling term because θ l (u) and θ r (u) propagate in reversed directions on the disk. Note again the Euclidean action should be supplemented by the constraint that the total SL(2,R) charges vanish. Figure 2 : In Euclidean signature, the effective action can be expressed using angular coordinate of a Hyperbolic disk. In the figure, the blue lines represent the two boundary trajectories, and the red dashed lines denote the coupling between them.
One can add a purely topological term to the above action:
When evaluated on a disk, this always gives us a constant term S 0 . By the following replica calculation, this term accounts for the ground state entropy term in (3.15) . For simplicity, we omit this term in following calculation, and focus on the difference between S EE and S 0 . To calculate entanglement entropy, we take n replicas of the coupled system. Then we have boundaries L i and R i , i = 1, ..., n. Note that there is in fact nothing physical in between of L i and R i , while we still call them as "boundaries" since their action is the same as the boundary trajectories in rigid AdS 2 spacetime. Follow the standard procedure, we cut the right boundaries of each replica at u = 0, and we denote R i with u < 0 as R i− , u > 0 as R i+ . Then we glue R i− to R i+1,+ in the path integral (R n+1 is identified as R 1 ). In fig. 3 (a), we draw the example with three replicas. In fig. 3 (b), we present another equivalent way to picture the configuration.
We can also embed the configuration of n replicas in the Hyperbolic disk. In angular order, we place the trajectories fig.  4 , we show the example with three replicas. After this embedding, we introduce angular functions θ i (u), i = 1, 2, ..., 2n to describe the trajectories.
The effective action describing the n-replica system is
Figure 3: Example with three replicas. In (a), we take three replicas, cut the right boundaries, and identify the boundary condition of R i− with R i+1,+ . Note the shaded grey area denotes nothing physical. In (b), we draw an equivalent way to picture the configuration. The red dashed lines represent the interaction between boundaries L i and R i . Figure 4 : We place the system with three replicas on the Hyperbolic disk. The red dashed lines denote the coupling between the boundaries.
with the coupling function I ij (u) being
where H(x) is the Heaviside step function. One can verify this in the example of three replicas in fig. 4 , by reading how the red dashed lines connect the boundaries. By assuming the Z 2n symmetry on the disk is unbroken, we can express the whole action in terms of a single θ function,
(3.21)
In writing down this action, we've fixed the boundary conditions of θ(u) as θ(−∞) = 0 and θ(0) = π/(2n).
To evaluate the action S n for general n, we need to solve the equation of motion for θ(u) subjected to the boundary conditions, which is a nontrivial task. However, since we are only looking for the entanglement entropy, which involves taking the n → 1 limit, we can use the following trick without really solving θ(u).
To illustrate the trick, it is clearer to first do a change of variable: f (u) = nθ(u), then f (u) will have the boundary condition f (−∞) = 0, f (0) = π/2, but with a different action
(3.22)
In above, we defined the action S(f ) without the 2n factor. For the special case of n = 1, we know the classical solution of S(f ), which is related to the solution in eqn. (2.13) by a conformal transformation. We denote the solution of n = 1 as f 0 1 :
The free parameter t in (3.23) is determined by demanding the total SL(2) charge vanish, which leads to the same result as in eqn. (2.13), i.e. Around n = 1, the solution of S(f ) can be expanded as 25) and we can also expand the action around n = 1, i.e.
To evaluate the entanglement entropy, what we need to compute in the end is the difference S(f ) − S 0 (f 0 ) to the first order of (n − 1). We have
where the first term on the first line vanishes because f 0 satisfies the equation of motion of S 0 . Then we see what we need is only (n − 1)S(f 0 ), which can be evaluated without knowing general solution f (u).
Taking the solution f 0 in eqn. (3.23) into the action S(f ), and expanding around n = 1 explicitly, we find
(3.28)
Then the entanglement entropy can be evaluated as
(3.29)
The result is the same as what we got in (3.15) . This is saying that |G(η) has the same entanglement entropy as |T F D(η) , as long as we are in the region that the coupling is small and the Schwarzian description is applicable.
Gravity calculation 4.1 Ryu-Takayanagi formula
In Jackiw-Teitelboim gravity, the prescription of the RT formula is to find the minimal value of the dilaton field in the bulk. This can be seen by noting that φ measures the area of the transverse sphere from higher dimensional point of view. In the context of the black hole entropy, the Bekenstein Hawking formula [43, 44] is
In the action (2.7), the constant value φ 0 of the dilaton field contributes to the extremal entropy, which does not change with the coupling between two sides. In boundary theory, it corresponds to the S 0 piece. In below, we will not keep track of its contribution and only focus on the deviation of the dilaton field away from constant value φ 0 . The RT formula is
where φ is the value of the dilaton field at the position that the sum is extremized, δS bulk is the quantum correction to the entanglement entropy, which is measured relative to its value in the vacuum state. Since we introduced a large number (of order N ) of matter fields in the bulk, the term δS bulk will be of order N as the term 2πφ when we turn on the coupling.
Two decoupled black holes
The gravity dual of the thermofield double state |T F D(η) are two decoupled black holes [42] . The bulk matter fields are in the vacuum state, thus we do not need to consider δS bulk in this case. The RT surface locates at the bifurcation surface (see fig. 1 (a)). We denote φ h as the value of dilaton field at the bifurcation surface. By the RT proposal, the entanglement entropy between the two sides is
This is also the entropy of the left/right black hole with corresponding temperature. To check this explicitly, we note that φ h is related to the renormalized boundary value φ r by
The rescaled inverse temperatureβ is related to the inverse temperature of the thermofield double state by [31] :β
Through Schwarzian analysis [29] , the entropy of a single black hole is given by
Combine (4.36) and (4.34), we get (4.33) as expected. Using the relation between temperature and coupling in (2.14), we can express φ h in terms of η:
Eternal traversable wormhole
The gravity dual of the ground state |G(η) is an eternal traversable wormhole, with global time-translational symmetry. To support the wormhole, we need to introduce a large number (of order N ) of matter fields in the bulk. By coupling the two sides, we are effectively changing the boundary condition of the fields [45, 46] , and the negative energy in the bulk can be viewed as the decrease of the Casimir energy when we change the boundary condition.
To apply the RT formula, we first need to solve for the dilaton profile in the bulk, which requires knowing the energy distribution of matter fields induced by the coupling. In general, we can do a perturbative calculation in terms of the coupling, which is done for free scalar fields in AdS 2 in the appendix. C. Different ∆ corresponds to a different mass of matter field in the bulk.
In this section, we will look at a special case of ∆ = 1/2. In this case, we can choose the matter fields to be massless fermions, and we have a conformal field theory on AdS 2 .
Then we can first do the computation of the energy distribution on a flat strip, and then transform it to get the results for AdS 2 by
where c is the central charge of the conformal field on the strip, g µν is the AdS 2 metric. Note if we look at the piece of stress tensor that is induced by the coupling between two sides, it has the same form on AdS 2 as the strip. This calculation of stress tensor for the special case of ∆ = 1/2 with massless fermions is treated in the appendix. C in [31] . Here we briefly summarize the results. We consider N free real fermions on the flat strip. When we don't have the coupling between the two sides, the normal boundary conditions for each fermion field are:
The coupling between left and right modifies the boundary conditions to
(4.40) The parameter can be related to the coupling constant η by /4 ≈ η for small η. The stress tensor of the matter fields induced by the coupling between two sides is given by
We add superscript M to stress that it is the stress tensor of matter fields. As commented above, the part of the stress tensor on AdS 2 that depends on the coupling has the same form as (4.41). Then by using the equation of motion of the dilaton field:
one finds the dilaton profile as
By the symmetry between left and right, the RT surface locates at σ = π/2 (see fig. 1 (b)), which is given by
For small coupling η, we have
This is the RT contribution to the entanglement entropy in the ground state of the coupled system.
As a comparison, in the case of two decoupled black holes in the previous section, if we plug ∆ = 1/2 into eqn. (4.37), we have
φ min and φ h have a difference of order N :
(4.47)
Quantum correction to the entanglement entropy
Since we have N matter fields in the bulk, their quantum correction to the entanglement entropy between the two sides is of the same order as the RT contribution. The quantum correction is the entanglement entropy of the bulk fields on two sides of the RT surface.
More precisely, we are interested in the change of the entanglement entropy brought by the coupling, which does not contain UV divergence.
For the special case of ∆ = 1/2, there are several ways to calculate the quantum correction. One way is to utilize that for a free fermion system, one can calculate the reduced density matrix and entanglement entropy through two-point correlation functions [47] . This calculation is presented in the appendix. B, where the modular Hamiltonian is also computed explicitly. Another way is by using the replica method, in a similar manner as in sec. 3.2. Here we will follow a third approach valid for small coupling. We use the entanglement first law [48] :
which says the change of entanglement entropy can be calculated through the change of expectation value of modular Hamiltonian. We compare the state in interest with the vacuum state of bulk matter fields (with no coupling), for which we know the explicit form of the modular Hamiltonian.
There is a subtlety about using entanglement first law in this case. The bulk fields with nonzero coupling η have different boundary conditions as η = 0, so their ground states are not in the same Hilbert space, and the entanglement first law is not immediately applicable. To use the entanglement first law, we imagine the following dynamical process. Starting from the vacuum state with η = 0 in the long past, we turn on the coupling adiabatically to a small constant value η. Then we get the ground state of the coupled system, where the bulk fields have modified boundary conditions. To compare with the vacuum state with no coupling, we need to turn off the coupling before t = 0, thus the two states have the same boundary condition and live in the same Hilbert space. Then we apply the entanglement first law to find the change of entanglement entropy. The key point is that when we turn off the coupling, we release some extra energy that must be taken into account.
Since the vacuum state with zero coupling is invariant under the transformation generated by the Rindler Killing vector ξ, the modular Hamiltonian of the left Rindler Wedge is related to the stress tensor by
(4.49)
In the formula, Σ is a spatial slice extends from the RT surface to the left boundary. More explicitly, we can choose Σ to be the t = 0 slice from σ = 0 to σ = π/2, and on this slice, we have ξ t = cos σ, ξ σ = 0. (4.50)
Then we have
which is simply 2π times the Rindler energy. We need to find the energy distribution in the bulk to evaluate the expectation value of K. The negative energy in the bulk after we adiabatically turn on the coupling is already given in eqn. (4.41) for the case of ∆ = 1/2, and in the appendix. C for general ∆. However, the process that we turn off the coupling before t = 0 will generate some extra energy close to the boundary, which remains to be calculated.
In general, we imagine turning off the coupling before t = 0 through a short time of order β. We will present a detailed discussion of this general set up in sec. 4.5. For now, we look at the case where we turn off the coupling η suddenly at t = −0 + . Then we generate some energy localized at the boundary. The final result will be qualitatively the same as turning off the coupling more slowly. For ∆ = 1/2 case with massless fermions, the calculation of T M tt (σ, t) with time-dependent coupling can be simplified using conformal methods. In appendix. A, we discuss how to calculate T M tt (σ, t) for a general CFT on a strip with varying coupling. Here we simply write down the result for T M tt (σ, t) at t = 0, in terms of the parameter :
The formula says that we have uniform negative energy in the bulk, and some positive energy localized at the left boundary and right boundary. Taking (4.52) into the entanglement first law, we get
(4.53)
In appendix. B, using a different method, we also arrive at the same result. Taking (4.45) and (4.53) into the RT formula, we find
After adding the ground state entropy S 0 coming from the constant piece of the dilaton field, this matches with the result (3.30) in the SYK calculation (with ∆ = 1/2). As a side comment, note that from eqn. (4.52), the global energy at t = 0 vanishes to the first order of :
This is consistent with the statement that the state we get is close to the vacuum state, since to the linear order of , the process of turning on and off the coupling does not raise the total energy. From this, one can also see that turning off the coupling is essential to make the comparison of energy meaningful.
First law and the relation between δφ and δS bulk
In the SYK calculation, we find that the two states |T F D(η) and |G(η) have same entanglement entropy. In gravity, the corresponding statement is 56) or equivalently 2πδφ + δS bulk = 0. (4.57)
For the case of ∆ = 1/2, one can check this explicitly from eqn. (4.47) and (4.53). The goal of this section is to derive eqn. (4.57) for general bulk contents, by deriving the first law in JT gravity. The first law of JT gravity was also discussed in [20] for other purposes.
For the completeness of argument, we present the detailed derivation here. We follow the recipe by Wald and Iyer [49, 50] . Consider the Jackiw-Teitelboim Lagrangian:
where is the volume element associated with the metric. The first order variation of the Lagrangian can be expressed as
where E g and E φ are the equations of motion of the action (4.58), and Θ is
Diffeomorphism ξ a on the manifold can be associated to a Noether current:
(4.62)
In the derivation, we are free to set R = −2 since the background metric is not dynamical. Under the action (4.58), the second term in (4.62) vanishes on shell. However, when we perturb the system by turning on the matter fields, it is nonzero, and
The current is associated with a Noether charge Q:
where the Noether charge is [50, 44] 
We now restrict attention to the case where ξ is the Rindler Killing vector, and the system is two decoupled black holes, with no matter field excitation. For arbitrary variation δφ, δT M above this solution, we have We choose the direction of the Killing vector to point towards future, and normalize it such that it acts like a boost around the fixed point. Then we can put the formula into explicit form as
where n µ is the normal vector of the slice Σ, σ µ is the normal vector pointing outwards on the boundary. Around the black hole solution, this formula is the first law of black hole [51, 49] , with the left hand side being the change of area plus the change of Rindler energy of the matter field, and the right hand side being the change of the total mass of the black hole. However, since the equations of motion for φ are linear, the formula, in fact, holds for more general variations of the solution (as long as we keep φ φ 0 ). In fact, we can write down a formula that holds for any solutions (without considering variations):
For example, we can apply the formula to the eternal traversable wormhole, where there is in fact no horizon. For concrete computation, we choose the slice Σ to be the the spatial slice of t = 0, with σ ∈ (0, π/2]. We have
and
For the case of decoupled black holes and eternal traversable wormhole that we've discussed, the RT surface locates exactly at the fixed point of Rindler Killing vector, and thus φ| ∂Σ = φ min . However, this is not essential, since if not, we can always first use the SL(2,R) transformation to move φ min to the center of the bulk, and then apply the formula. Equivalently, we can also choose other killing vector that has fixed point on φ min . Then we get
This formula relates the minimal dilaton value with the Rindler energy, up to a boundary term.
We can put the boundary term into a different form. By using the equation of motion:
and under the situation that sin σT M σσ vanishes near the boundary (as shown in appendix. C), we get
If at t = 0 we have ∂ t φ = 0, i.e., the boundary trajectory is perpendicular to the t = 0 time slice, then the term ∂ 2 t φ can be intuitively interpreted as the "acceleration" of the boundary trajectory towards the boundary of AdS 2 spacetime. For example, in the ground state of eternal traversable wormhole, the boundary trajectory doesn't accelerate towards the boundary, and we have ∂ 2 t φ = 0. Indeed, for the example of ∆ = 1/2 that was worked out in previous sections, we have
We can also consider the case of two decoupled black holes, where we have T M tt = 0 in the bulk. In this case, the boundary trajectory is accelerating towards the boundary. The dilaton profile is
and we see − sin σ∂ 2 t φ| bdy,t=0 = φ h holds. In fact, we can further show that the boundary term in (4.74) is equal to minus of the SL(2,R) charge of the boundary trajectory associated with the symmetry generated by ξ. Written in global coordinates, we have
where φ r is defined as in (2.8). One can derive this formula by noting that ∂ u φ = 0 and ∂ 2 u φ = 0, and translate the derivative with respect to u into global coordinates. Since the Rindler energy in (4.74) is the SL(2,R) charge of matter field q L M [ξ] in the left Rindler wedge, we can reinterpret (4.74) as
where −Q L f [ξ] is the value of dilaton field at the fixed point of ξ. This formula is then natural as the total SL(2,R) charge of the bulk should vanish, i.e. Q L + Q R + q M = 0 [29] . When we only look at the left wedge, we can think of the SL(2,R) charge on the right wedge as living on the fixed point, i.e. q R M + Q R = −Q L f . What this formula tells us is that −Q L f has a simple expression as the value of the dilaton field on the fixed point. Now we return to the discussion of the relation between δφ and δS bulk . As we discussed, to compute φ min and δS bulk , we first turn on the coupling adiabatically, which creates the traversable wormhole. We turn off the coupling right before t = 0, then the boundary trajectory will accelerate towards the boundary of spacetime, which makes the wormhole non-traversable again. We expect that for t > 0, although the dilaton profile in the bulk can be complicated, near the boundary it should have the form similar to (4.76), thus the boundary trajectory moves as that of two decoupled black holes with the corresponding temperature. This is shown explicitly by Schwarzian calculation in section. 4.3 in [31] . In section. 4.4, we will also check this expectation by solving the evolution in the bulk.
At t = 0, applying the formula (4.74) we get
While if we apply the same formula (4.74) to the case of two decoupled black holes with horizon dilaton field value φ h determined by the coupling as in eqn. (4.37), we get φ h = − sin σ∂ 2 t φ| bdy,t=0 . (4.80)
As we said, after we turn off the coupling, we expect the behavior of φ near the boundary is close to the profile of dilaton field in the case of two decoupled black holes, with certain horizon value φ h . What's more, we know that φ h must be equal to φ h in (4.80), which is required for consistency with the Schwarzian calculation in section 4.3 of [31] . In section 4.4, we will also check this point by explicit bulk calculation. Then we conclude the boundary terms in (4.79) and (4.80) are the same, which means the left-hand sides of the two equations are the same: This is what we found through explicit computation in the last section. However, here the arguments are general and do not require knowing specific matter field content in the bulk. We see that it is a consequence of two first laws: the first law of black hole and the first law of entanglement. We should note that δS bulk = δ K only holds approximately. For the case of ∆ = 1/2, this holds at linear order of the coupling (or η). For general ∆, since the entanglement entropy is not analytic in η, η is not a good small parameter for doing expansion. In these cases, we should think that δS bulk = δ K holds at linear order of the temperature T (η). In general, we have the inequality δS bulk ≤ δ K [52] , which means 2πφ min + δS bulk ≤ 2πφ h .
(4.85) This is saying that, if we fix the boundary behavior of the dilaton field, then the two decoupled black holes with bulk matter fields in the vacuum state has the greatest entanglement between the two sides. Eqn. (4.57) simply follows from this maximization condition for small variations. An analogous statement in field theory is the following. Take two copies of an arbitrary quantum system, with decoupled Hamiltonian H L + H R . Then among all the pure states {|ψ } with the same total energy as |T F D(β) , i.e. By adding up the two inequalities, and note that S L = S R for pure states, we have
Bulk evolution after turning off the coupling
In this section, we study the bulk evolution after we turn off the coupling, and check explicitly that the dilaton field close to the boundary indeed has the form as the TFD solution with the corresponding temperature. We will still study the case of ∆ = 1/2 as a concrete example, while the qualitative results hold for general ∆. Suppose before t = 0, the two boundary trajectories are located at σ = δ and σ = π − δ, where δ 1. We turn off the coupling suddenly at t = 0, which creates some positive energy on the boundary. Since the bulk fields are massless, the positive energy will propagate along the null direction into the bulk, forming two shock waves. Thus the stress tensor for 0 < t < π can be written as
where we've introduced coordinates x ± = t ± σ. In these coordinates, the equations of motion for the dilaton field are
The shock waves divide the bulk into four regions (see illustration in fig. 5a ). We denote the regions as L (left), R (right), F (future), P (past). The derivative of the dilaton field is not continuous when it crosses the shock wave.
In appendix. D, we present the calculation that solves the dilaton profile. The results are: The value of φ h is consistent with the one in eqn. (4.46), which was determined by the temperature T (η). We also have the same physics near the right boundary. This is consistent with the analysis using the Schwarzian theory. These justify the statements that we made in the last section.
Away from the boundary, the solution has an interesting shape, which is depicted in fig. 5b .
In previous sections including this one, we simplify the problem by considering the case where we suddenly turn off the coupling at t = −0 + . More naturally, one would imagine turning off the coupling through an interval of boundary time u of order β. If we turn off the coupling slower, we should expect to get a state that is close to a TFD state but with slightly lower temperature. In the next section, we study this problem by both gravity calculation and Schwarzian calculation. An interesting point in the calculation is that, to get the correct entanglement entropy on the gravity side, we need to carefully search for the location of the quantum extremal surface.
Quench problem of turning off the coupling slowly 4.5.1 Gravity calculation
Imagine we turn off the coupling during time t ∈ [−∆t, 0]. The time scale in terms of the boundary time u is of order β set by the coupling. To simplify the calculation, we imagine turning off the coupling uniformly in the global coordinate time t. We still consider the case of ∆ = 1/2, where the shock waves travel in the null direction and thus the calculation is simplified. In this case, we can write the energy distribution in the bulk as
where f (x) is a "window" function defined as
(4.98)
In fig. 6(a) , we show an illustration of the set up. We denote the left region after the shock waves as L. By solving the equations of motion of the dilaton as in appendix. D, we can get the profile of dilaton after the shock waves:
We can see from the formula that near the boundary σ ∼ 0, φ behaves like the solution for a black hole, while the horizon of the black hole locates at t = −∆t/2. The interpretation is that on average we are turning off the coupling at time t = −∆t/2. The corresponding black hole solution has horizon dilaton field value
The value of φ h is smaller than the one in (4.96) that we turn off the coupling suddenly. This is simply saying that, by turning off the coupling slower, the state that we get at t = 0 is close to a thermofield double state with lower temperature. In the next section, by Schwarzian calculation, we can also see this behavior. We want to calculate the entanglement entropy of the state at t = 0 using the HRT proposal [7] . By the proposal, the HRT surface should locate at the position that the surface area is extremized. By the maximin proposal of finding HRT surface [53] , we can Figure 6 : (a) An illustration of the set up. In the figure, only the left part of the spacetime is drawn. We denote the regions before and after the shock waves as P and L. (b) We vary the slice Σ with left end fixed at t = 0, to find the one that maximizes the quantum correction.
first choose a spatial slice Σ and find the minimal area surface on that slice, and then vary the slice to find the one with the maximal area. After taking the bulk quantum correction into account, the quantum HRT proposal [8, 11, 12] states we should extremize the sum of the surface area and the quantum correction. The final surface after extremizing is also called the quantum extremal surface. In the following, we'll find the location of the HRT surface through explicit calculation. By the reflection symmetry between left and right, the HRT surface should locate at (−t 0 , π/2), and we vary t 0 such that
(4.101) is maximized. In the limit of ∆t → 0 as discussed in previous sections, we have t 0 = 0. As we can see from the following calculation, when we increase t 0 from zero, the sum in (4.101) decreases, thus we expect the maximum locates in region P of fig. 6(a) . Since the dilaton value is constant along σ = π/2 in this region, we just need to maximize the quantum correction part. In formula (4.101), the Killing vector ξ µ should be the one with fixed point at (−t 0 , π/2). This idea of maximization is illustrated in fig. 6(b) . We can calculate the quantum correction explicitly. On the left half of the bulk, we have
The Killing vector with the corresponding fixed point is ξ t = cos σ cos(t + t 0 ), ξ σ = − sin σ sin(t + t 0 ). (4.103)
We choose coordinate σ to parametrize the slice Σ, and on the slice we have t = −(2t 0 /π)σ. The induced metric and the normal vector of slice Σ are
(4.104)
(4.105) By maximizing sin(∆t − t 0 ) + sin t 0 , (4.106)
we find that we should choose t 0 = ∆t/2. This means that the location of the HRT surface is the same as the location of the horizon for the corresponding black hole solution.
We denote the dilaton field value at the HRT surface as φ HRT . As we've derived in sec. 4.3, we can relate φ HRT and the quantum correction to a boundary term. The specific form of the boundary term is not important here. When we apply the formula (4.69) to fig. 7(a) , we get
hT M µν n µ ξ ν = boundary term at t = 0. (4.107)
While if we apply the formula (4.69) to fig. 7(b) , since the quantum correction part is zero, we get φ h = boundary term at t = 0.
(4.108)
The two boundary terms are the same since φ is the same in the two figures close the boundary for t > 0. So we get This is saying that if we turn off the coupling slowly, the entanglement entropy of the state that we get at t = 0 is the same as that of the thermofield double state with lower temperature determined by (4.100).
Schwarzian analysis
In last section, we analyzed the time evolution after we slowly turn off the interaction, from the bulk point of view. In this section, we discuss the same physics using the boundary Schwarzian theory. We start from action:
where η(u) is the time-dependent left-right coupling strength. In the bulk calculation in previous section, we assumed that the coupling is turned off with constant speed, with respect to the coordinate time t. Here instead we assume that the coupling is uniformly turned off with repect to the boundary time u:
We will look at the region where δu is much smaller than the time scale set by the coupling and work perturbatively. The results should match the bulk calculation in the previous section when we look at the leading order results. As in [31] , it's convenient to make a transformation of variables:
t l (u) = t r (u) = t(u), t (u) = exp(ϕ(u)). For u > 0, since we have η(u) = 0, the solution of (4.113) is the solution corresponding to a TFD state. There are two parameters of the general solution, one is the temperature, and the other is the time shift. To determine the solution, we only need to find the boundary conditions ϕ(0) and ϕ (0). They can be expanded in terms of δu. To the leading order, the equation for δϕ(u) = ϕ(u) − ϕ(−δu) is given by:
which leads to the solution:
Then the boundary condition at u = 0 is: 
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(4.121)
The first formula (4.120) tells us that if we turn off the coupling slower, we get a TFD state with lower temperature. For the special case of ∆ = 1/2, we have T = T 0 (1 − δu 2 η 2 /96), where T 0 is the temperature corresponding to a sudden quench. We can compare this result with the bulk calculation. In the bulk calculation where we turn off the coupling during time δt, we found that the dilaton field at the horizon has value
where we used t = t u and t = η/2. We found the two results match with each other as expected.
The formula (4.121) is saying that at u = 0, we in fact get a TFD state with time shift δu/2. The same is found in the bulk calculation, where we've seen that the horizon locates at t = −δt/2.
Conclusion and Discussion
In this paper, we studied the entanglement entropy in the ground state of the coupled SYK system. We found that for small coupling, the entanglement entropy in the ground state |G(η) is the same as the entanglement entropy in the thermofield double state |T F D(η) . This is consistent with the claim that the two states are close to each other.
We illustrated how to calculate the entanglement entropy by using the Ryu-Takayanagi formula in gravity. Each bulk field gives small correction to the entanglement entropy, however, the effect is enhanced to be of order N due to the large number of bulk fields. At first sight, the gravity pictures for |G(η) and |T F D(η) look very different. In one case, we have an eternal traversable wormhole, and in the other case, we have two decoupled black holes. However, after we add up the RT surface term and the bulk quantum correction term, we find the two states have the same entanglement entropy. From the gravity point of view, this is guaranteed by two different first laws: the first law of black holes, and the first law of entanglement. The linearity of dynamics in JT gravity allows us to apply the first law to two seemingly very different solutions. In some sense, the two-sided black hole situation (or the TFD state) is special as it has maximal entanglement between two sides as we fix the total energy.
We also discussed the gravitational dynamics of turning off the coupling suddenly or slowly. For the case of turning off the coupling slowly, to apply the HRT formula, we need to search for the quantum extremal surface. The simplicity of near-AdS 2 gravity allows us to do the calculation explicitly. We found agreements between the bulk calculation and the boundary Schwarzian calculation.
There are some interesting questions to explore in the future. One can apply the formula (4.69) to other Killing vectors that have fixed points on places that the dilaton is not extremal. Then it will relate the dilaton field on the new fixed point and the Rindler energy associated with the new Killing vector, to a different boundary term. We expect the boundary term will correspond to the SL(2,R) charge of the boundary trajectory associated with the Killing vector. However, it is unclear how to interpret these family of formulas since in these cases the dilaton field is not the RT surface. It would be nice to understand their physical interpretation in the SYK model.
In [19, 20] , instead of viewing the dilaton field as the RT surface for calculating entanglement entropy in the SYK model, the authors view the JT gravity as emergent from the entanglement dynamics in a 2D CFT with boundary. It would be nice to understand the connection between these two viewpoints better.
In this paper, we only studied the entanglement entropy in the ground state of the coupled system. It is also interesting to study the entanglement entropy (or Rényi entropy) at finite temperature. As discussed in [31] , at finite temperature, the coupled system has a Hawking-Page like phase transition in the canonical ensemble, while there is no phase transition in the microcanonical ensemble. This implies that in the canonical ensemble, the gravity geometry has a sudden topology change, while the system has to go through a non-geometric phase in the microcanonical ensemble. It would be interesting to see how the entanglement behaves in these situations. and thus we have
Similarly, we have
We imagine turning on the coupling adiabatically. Then by perturbation theory, we have
(A.129) and
(A.130) Note by g , we mean the expectation value with finite g(t) substract the vacuum expectation value (g(t) = 0), thus the vacuum Casimir energy piece cancels.
For the process described in sec. 4.2, we start from g(t) = 0 at t = −∞, and we adiabatically turn on g(t) to a constant value g, then at t = −0 + right before t = 0, we suddenly turn off the coupling. We can calculate the energy distribution in the bulk as follows:
where we have assumed that the increase of g(t) is slow enough to approximate the summation by integration.
For the massless fermion case with ∆ = 1/2 that was discussed in sec. 4.2, we have 
Appendix B Direct calculation of the quantum correction
In this section, we use correlation functions to calculate the entanglement entropy and the modular Hamiltonian for a free fermion system on a strip. The method is introduced in [47] . We consider a real massless fermion living on the strip [0, π] × R, which is composed of two components ψ + , ψ − . The case discussed in sec. 4.1.2 is simply N copies of such system. When we add boundary couplings, we change the boundary conditions of the fermion fields as in eqn. (4.40).
We start with the mode expansion of the fermion operators:
From the boundary condition in (4.40), one gets ω = 1 2 + +2n for n ≥ 0 and ω = − 1 2 − +2n for n ≥ 1, and
We normalize A + and A − as |A + | = |A − | = 1 √ 2π . We have γ ω = e i π for ω = 1 2 + + 2n and γ ω = e −i π for ω = − 1 2 − + 2n. The equal time correlation functions in the ground state are calculated as below:
γ ω e −iω(x+y) = i sin ( 1 2 − )(x + y − π) 2π sin(x + y) .
(B.139) We divide the strip [0, π] into two halves [0, π 2 ) ∪ ( π 2 , π]. For convenience, we make a rotation in the space of the fermion operators:
then the correlation matrix for the left half of the system has the following form:
where we have defined
The entanglement entropy between left and right is related to the correlation matrix by [47, 54] :
where the factor 1/2 comes from the fact that we are dealing with real fermions instead of complex fermions. Since we've already calculated the correlation functions for arbitrary , by taking into (B.143) we can find out the entanglement entropy exactly for any . While for our purpose in the main part of this paper, we want to find out the correction of entanglement entropy coming from small non-zero and we'll do this by perturbation theory. As a first step, we need to find the eigenvalues and eigenfunctions of C 0 (x, y) (where subscript 0 means = 0). When = 0, we have (B.144)
For them, we have the following identities: 
(B.146) where − means Cauchy principal value integral, , denote the real part and the imaginary part. One can check these identities using numerical integration. Define the real part as f s , the imaginary part as g s , we have
The eigenfunctions can be normalized by
Denote the eigenvalues as λ s , one has the following expression for the correction of entanglement entropy:
where δ λ s is given by . This agrees with the result in eqn. (4.53) by using entanglement first law.
With the eigenfunctions and eigenvalues of C 0 (x, y), we can also calculate the modular Hamiltonian H for = 0 explicitly. The calculation is similar to the one in [55] . The modular Hamiltonian can be written as [ where C h n is the Gegenbauer polynomial. The vacuum Wightman function is worked out by mode summation in [57] and [58] . The result is χ(x)χ(y) = Γ(h) 2 4πΓ(2h) The bulk to boundary propagator is given by (C.174) For h ≤ 1/2, the naive definition of T tt will diverge as sin 2h−2 σ near the boundary, and the energy is not integrable. Based on [59] , to remove the divergence of energy near the boundary of spacetime, one should add an improvement tern to the stress tensor:
(C.175)
In time independent cases, we havẽ
To cancel the divergence, we need to choose β = h/(2(2h+1)). With eqn. (C.172), (C.173) and (C.174), we can calculate the energy induced by boundary interaction by We find thatT tt scales as sin 2h σ near the boundary, and is thus integrable. For h = 0, the energy is a constant in the bulk, which is consistent as being a conformal field. For h = 1/2, the energy scales as sin σ near the boundary (see fig. 8 ). We see that for h ≤ 1/2, the energy is more concentrated in the center of the bulk than near the boundary. This is consistent with the intuition for relevant perturbation in AdS/CFT.
Appendix D Solving the dilaton profile for t > 0
In this appendix, we present the detail of solving the dilaton profile for the case of a sudden quench in section. 4.4. As discussed in sec. 4.4, for 0 < t < π, the energy distribution in the bulk is: As an example, let's look at how to derive the dilaton field profile in region L in fig. 9 . Since in region P and L, we both have constant negative energy in the bulk, the solution in L can be written as
where ϕ L has support only in regions L and F. From 
where ϕ R is simply a reflection of ϕ L upon σ = π/2. Finally, the solution in region F is:
